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f^ I pered generalized functions. As an application, we study the heat 

equation when initial conditions are allowed to be a generalized tem- 
pered function. A new proof of the Ustunel- Ito's formula for tempered 
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1 Introduction 

The study of Stochastic Partial Differential Equations (SPDE) in algebras 
of generalized functions could be traced back to the early 1990s, see [1], 
[2], [H] and [T7]. The interest for singular stochastic processes, such as the 
white noise process, and solve differential equations driven by these type of 
processes are the main reasons for treating of SPDE in the framework of the 
algebras of generalized functions (see by example p]| and [1]). 
The central theme of the present paper is to develop stochastic calculus via 
regularization in the setting of algebras of generalized functions. The main 
technique is the construction of an algebra of tempered generalized functions 
via the regularization scheme induced by expansions in Hermite functions. 
This approach allows us to obtain an Ito's formula for elements in the algebra. 
In particular, we deduce the Ustunel- Ito's formula (see p^) for tempered 
distributions (see also [9j and [14]). Sections 2 and 3 of the present paper 
present the relevant precise definitions and details. 

As an application of our results, we also show the existence and uniqueness of 
the solution to the heat equation with the initial condition being a tempered 
generalized function; this makes crucial use of the obtained Ito's formula for 
tempered generalized functions. See Sections 4 for details. 



2 Generalized functions 

2.1 Tempered distributions 

Let iS(]R'^) be the Schwartz space on W^ i.e. the space of rapidly decreasing 
smooth real valued functions on Mf^. 

We make use of the multi-index notation; a multi-index is a sequence 
a = {ai,...,ad) G Nq where No is the set of nonnegative integers. The sum 
|a| = Yl^=i % i^ called the order of a. For every multi- index a we write 



X — Xi X^ 



and 



5" = 9°i ■■■d^" 



where dj = -^. 

The Schwartz topology on iS(M'^) is given by the family of seminorms 

||/IU,/3 = (/ \x'^d^f{x)\'dxY^ 

where a, /3 G Nq. 

The Schwartz space iS'(R'^) of tempered distributions is the dual space of 

The Hermite polynomials Hn{x) are defined by 

Hn{x) = (-l)"e-^e-# (1) 

and the Hermite functions hn{x) are defined by 

hnix) = {V2^n\)-h--^^' Hn{x) (2) 

for n G Nq. 

The a-th. Hermite function on R*^ is given by 

ha{xi,...,Xd) = KAxi)---K^{xd) 



where a = (ai, ..., a^) G Nq. 

The Hermite functions are in the Schwartz space on M.'^ and the set {ha '■ 
a G Nq} is an orthonormal basis for L^(M'^). 

We consider the directed family of norms {| ■ |„ : n G No} on i5(]R''), given 
by 

l^ln:=E(2|/3|+rf)'"(/ ^ix)h,{x)dxr. 

We observe that the famihes of seminorms {| ■ |n : ^ ^ Nq} and {|| • ||q^^ : 
a,/3 G Nq} on SiW^) are equivalent. 

Let X G W^, and denote by r^. the translation operator defined on functions 
by the formula Triply) = ip{y — x). It follows immediately that rj,(iS(M^)) C 
iS(M'') and that r_j. is the inverse of r^., thus, we can consider r^. acting on 
the tempered distributions by 



Lemma 2.1 Let n G Nq, there exists a polynomial Pn with nonnegative co- 
efficients such that for all x G W^, 

\rx^\n < Pn{\x\)W\n (3) 

for all if eS{W^). 

Proof: Using Proposition 3.3 from p5], for each n G No there exist con- 
stants Ci{n) and C2{n) such that 

W\n<Ci{n) E \W\\a,P < C2{n)\ip\n 
|a|,|/3|<2n 

for all (^ G Si.W^). 



Thus 



\a\,\p\<2n 



|a|,|/3|<2n 
< Pni\x\)\(f\n, 

where P„ is a polynomial of degree lower or equal to 2n. 

Multiplication on iS(R'^) has the following property: for all n E Nq there 
exists r, s G No and C„ G M such that 

IV^^In < Cn\^\r\^\s (4) 

for all ip,ip E 5(M'^) (see for instance [13] ). We shall make often use of this 
property. 

The Hermite representation theorem for iS(M'^) (5'(M'^)) states a topo- 
logical isomorphism beetwen iS(M'^) (iS'(M'^)) and the space of sequences s^ 

Let Srf be the space of sequences 
sa = {{afi) e f{N'^)) : J2 (2|/3| + df" I «/3 l'< oo, for all n G Nq}. 

The space s^ is a locally convex space with the family of norms 

where n E Nq. 

The topological dual space to s^, denoted by s^, is given by 

s;^ = {{bp) : for some (C,m) G M x N^j, \ bfs \< C{2\P\ + d)"" for all /3}, 



and the natural pairing of elements from s^ and s'^, denoted by (■, ■), is given 
by 

for [hp] E s^ and (a^j) G s^. 

It is clear that s^ is an algebra with the pointwise operations: 

{b^) + %) = {b^ + b'^) 
ibp)-%) = ibpb'p). 

and Srf is an ideal of s'^^. 

Theorem 2.1 (N-representation theorem for iS(]R'^) and 5'(M'^)) a) Let 

h : 5(M'^) —7- Sd he the application 



h(v5) = ( / ^{x)hp{x)dx). 
Then h. is a topological isomorphism. Moreover, 

for all i^ eSiW^). 

b) Let H : S\W^) -^ s'^ be the application H(T) = {T{hp)). Then H zs a 

topological isomorphism. Moreover, if T E S'{W^) we have that 

T=J2 T{hp)hp 

in the weak sense and for all ip G 5(M'^), 

T(^) = (H(T),h(^)). 



Proof: See for instance [16] pp. 143 or [18] pp. 260. 

The sequences h((y9) and H(T) will be referred to as the Hermite coeffi- 
cients of the tempered function ip and the tempered distribution T respec- 
tively. 



Corollary 2.2 For every T G iS'(M'^) there exists n eNq, such that 

Proof: By Theorem EH (T(/i/3)) G s'^. Thus, there exists (C, /) g M x No 
such that |r(/i^)| < C{2\/3\ + dY for all (3 G N^. Now, taking n = / + 1 the 
Corollary follows. 

2.2 Tempered generalized functions 

The aim of this subsection is to give an extension to the multidimensional case 
of the theory of tempered generalized functions introduced by the authors in 
[3]. Let 5),(R'^) be the set of functions / : [0, T] x M'^ ^ M such that for each 
t G [0,T], f{t, ■) G S(R'^) and for each x G M^ fi-,x) G 0^0, T]). It is clear 
that iS']-(M'^)^o has the structure of an associative, commutative differential 
algebra with the natural operations: 

{f^) + {9p) := if^ + 9(s) 

«(//3) := (affs) 

(//?) ■ (9/3) ■■= if 139 p) 

5"(//3) := (5:/;3) for each a G N^. 

In order to define the 1-time dependent tempered generalized functions, we 
consider T-L^i ^ the subalgebra of iS;J.(]R'^)^o given by 

{{fp) G 5^(M'^)^o : for each n G No, ( sup \fp{t, OU), ( sup |^(t, ■)!«) G s;,} 

tG[0,T] te[o,T] (Jt 

and T-irxd its differential ideal given by 

{{fp) G 4(M'^)^o : for each n G Nq, ( sup |/^(t, ■)!«), ( sup |^(t, ■)!«) G s4. 

tG[0,T] ie[0,T] Ct 



The l-time dependent tempered algebra on R'^ is defined by 

The elements of 'H^(]R'^) are called l-time dependend tempered generalized 
functions. Let (//j) G "Hy i d we shall use [/^] to denote the equivalent class 
if 13) + T^T,14- 

Remark 2.1 In order to introduce the 0-dependent tempered generalized func- 
tions, we consider S^iM.'^) the of the set of functions f : [0,T] x M'^ — )■ M such 
that for each t G [0,T], f{t,-) G 5(M'^) and for each x G R'^, f{-,x) G 
C([0,T]). Let "H^od ^^ ^^^ subalgebra given by 

K/^) G 5°(M'^)^o : for each n G No, ( sup |/^(t, ■)!«) G s',} 

te[o,T] 

and Tixfi^ its differential ideal given by 

{(^) G 5t(M")^" : for each n G Nq, ( sup |^(t, Ok) G s,}. 

te[o,T] 

r/ie 0-time dependent tempered algebra on M.'^ is defined by 

^/^(R ) := T-iTfl,d/T^Tfl,d 

Remark 2.2 In a similar way we can define the tempered algebra 

H{R'') := H'jHd 

where 

K ■= {Up) e ^(R'^)^" : for each n G No, (|M„) G s',} 

and 

Ud := {{fp) G ^(R'^)^-' : for each n G Nq, (l^ln) G s,}. 

The elements of 'HiW'') are called tempered generalized functions. 



Proposition 2.3 1. n(M.'^) is a subalgebra ofn'^{R'^) (?/^(R'^)). 

2. Let [fi3] en^iR'^). Then 

for every t G [0,T]. 

3. Let h e C\[{),T]) and [/^] G HiW^). Then h[fp\ := [hfp] G WriW^). 

Proof: The proofs are straigthforward from the definitions. 

We observe that there exists a natural linear embedding l : S^W^) — )■ 
'H(M'^), given by 

where Tp = 'Yli-y<BT{h^)h^. Moreover, we have that 

a) For all v? G S{W^), l{^) = [^], 

b) For all v?,^ G S{R'^), l{<^iIj) = l{<^) ■ l{iIj), 

c) For all a G N[f, i o 9" = 9" o i. 

The translation operator r^ : n^{R'^) -^ 'H^(M'^) (x G M'^) is defined by 



It follows from Lemma 1.1 that r^ is well defined. Analogously, r^ : 'H^(]R'^) — )■ 
Ht^R"^) {x e M'^) is well defined. 

In the algebra 'H{R'^) we have a weak equality, namely, the association of 
tempered generalized functions. More precisely, we say that the tempered 
generalized functions [fis] and [qis] are associated, and denote this association 
by[//3]~[^^], ifforallv^G5(M'^), 



lim / iffsix) - gi3{x))ip{x)dx = 0. 
We observe that Ri is a equivalence relation on 'H{R'^). 



Proposition 2.4 1. Let T be a tempered distribution and x G W^. Then 

2. Let T and S be tempered distributions such that l{T) ^ l.{S). Then 
T = S. 

Proof: 1) Let ip G 5(]R'^); applying Theorem 12 . 1 1 and elementary properties 
of the translation, we obtain 

lim / T^Tp{y)^{y)dy = lim / Tp{y)T_^^{y)dy 

= T{t_^(p) 

= T^T{ip) 



lim / {T^T)^{y)ip{y)dy. 

/3->co 



2) For all a G N: 



0; 



T{ha) - S{ha) = lim Tfs{ha) - ^/^(/la) = 0. 

Theorem 12.11 implies that T = S. 

Remark 2.3 We would like to recall that he algebra 'H(]R'^) is identical to (a 
sequential version of) the space Gs(^^d), it has been studied extensively by G. 
Garetto and their coauthors (see Jd^, ^ and JE^). They introduced the space 
Gs{M.d) via the family of seminorms {\\ ■ \\a,i3,oo : a,f3 E Nq}. Notice that it 
does not matter which family of seminorms is being used in this definition, 
as long as it generates the same locally convex topology (see JE/). 
Our approach differs, we have introduced the algebra 'H(M'^)) via the semi- 
norms II ||m since we are thinking in approximations of distributions (induced 
by Hilbert spaces) in terms of orthogonal series in contrast with the classic 
theory where the approximation is done by convolution. See ^ for an appli- 
cation of this idea to stochastic distributions. 
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Remark 2.4 We would like to mention that other general properties o/?/(M'^) 
can be studied in this setting. For example the concepts of point value, inte- 
gral and Fourier transform for elements in 'H{M.'^) can be defined, see [_3J for 
the one- dimensional case. 

3 Ito's formula for tempered generalized func- 
tions 

Let (fi, J^, {J^t : t G [0,T]},P) be a filtered probability space, which satisfies 
the usual hypotheses. For a recent account of stochastic calculus we refer the 
reader to the book of Ph. Protter |12j . 

Definition 3.1 Let X be a W^ valued continuous jointly measurable process, 
V a continuous finite variation process and [fis] G 'H^(]R'^). Define the in- 
tegral of Tx[f/3] in relation to V, from to t, and denoted by J Tx^[fi3]dVs, 
by: 

[f TxMs,-)dVs], 

Jo 
where the integral is given in the sense of Bochner-Stieltjes. 

For each cu G fi and t G [0,T], we have that [/^ tx^ fis^s, ■)dVs{co)] is well 
defined as an element of H^ (M'^). In fact, since Tx^{ui)fi3{s, ■) G Sj^iW^) and 
making use of definitions and the Lemma 12.11 we see that 

I / TxJp{s,-)dVs{uj)\n < / \rx4ui)fpis,-)\nd\V\siuj) 
Jo Jo 

< (/ P„(|X,M|)rf|yUa;)) sup |//3(s,-)|n(5) 
Jo se[o,T] 

where |V^|4(ci;) is the total variation of V in [0,t]. 
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Theorem 3.1 Let f = [f/s] G 7^^(M'^) and X = {X\ ...,X'^) he a W^ valued 
continuous semimartingale. Then 

Txtf = TxJ + / dtrxj{s,-)ds- / VtxJ ■ dX^ 
Jo Jo 

+^E f d.,rxJd{X\X^), (6) 

where j^ VtxJ ■ dXg is defined as Ej=i /q diTxJpdXl]. 
Proof: Applying the classical Ito's formula to fp, we have 

rt <i j-t 

rxtfpii,x) = TxJi3{0,x)+ dtTxJi3{s,x)ds-y2 diTxJ^{s,x)dXl 

Jo i^i Jo 

+1 E f d.jrxj-^{s,x) d{X\X^),. (7) 



Taking equivalent classes in ([7]), we obtain that /^ Vr^^/ ■ dXg G 'H^(R'^) 
and hence ([6]) holds in H^r^{W^). 

Corollary 3.2 Let f = [//?] G 'H{R'^) and X = {X\ ...,X'^) be a continuous 
semimartingale. Then 

rxj = TxJ - f VTxJ-dX, + \y^ I d,,TxJd < X\ X^ >, . 
Jo ^^=1-^0 

3.1 Ito's formula for tempered distributions 

In order to prove the Ustunel-Ito's formula for tempered distributions (see 
|19j). we need the following result from the stochastic integration theory in 
nuclear spaces (see [2^). Let Tt be a 5'(M'^)-valued continuous predictable 
process and Xt be a continuous semimartingale, then J^ TgdXg is the unique 
iS'(M'^) valued semimartingale such that for all (p G iS(]R'^), 

(/ T,rfX,)(^)= / T,(^)dX,. 
Jo Jo 
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Lemma 3.1 Let T G S'{M.'^), X be a Mf^ valued continuous semimartingale 
and V he a continuous finite variation process. Then 

[ rxAT)dVs ^i{f Tx^TdVs). 
Jo Jo 

Proof: Let t(T) = [T^] and ip G 5(M'^). Since lim^^oo Ti^ = T we have 

lim Tx4uj)Ti3{v) = Tx,{u.)T{ip) 

p— >-oo 

for all s and uj eVL. 

Applying the Corollary 12.21 and Lemma 12.11 we have that there exists 
g G No such that 

< P,(|X,M|) |T|_, 1^1,. 
By the dominate convergence Theorem we obtain 

lim / Tx,Tfi{Lp)dVs = / Tx,T{(p)dVs. 
P^°° Jo Jo 

We conclude that 



lim / Tx,{uj)i^iT)dVsiuj)p{ip) = lim / Tx,{u;)Ti^i^)dVs{uj) 
1^^°° Jo 1^^°° Jo 

rx4o:)T{!f)dVs{uj) 



and the proof is complete. 



lim i{ / Tx4u>)TdVs{uj))p{(p), 



Proposition 3.3 (Ito's formula for tempered distributions) Let T G 

iS'(R°') and X = {X^, ...jX"^) be a continuous semimartingale. Then 

TxJ = TxJ -Y,l d.rxTdXl + IJ2 [ d^jTxJd < X\ X^ >, . 
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Proof: Applying Ito's formula (E]) to l{T) and making use of Proposition 
12.41 and Lemma [XT] we deduce that 

d 

•,3 = 



^u=iJo Jo 



According to an easy modification of Lemma 13.11 (we make use of the 
dominated convergence theorem for stochastic integrals) we can to prove 
that 

/ VtxAT) ■ dX, ^ iiY, I d,rxTdXi). (8) 

Jo i=i Jo 

Then, from the Proposition 12.41 and equality (E]) we conclude the proof. 

4 Heat equation in ?^^(M^) 

We introduce next the concept of expected value (or expectation) for certain 
'H(M'^)-valued random variables. More precisely, let X be a M*^ valued random 
variable with E(|X|") < oo for all n e No and let / = [ff^] G H(M'^). The 
expectation of Txf is E(rx/) := [E(rx//3)]. 

We observe that E(rx/) is well-defined as an element of 'H(M'^). In fact, 
by Lemma [2. H it follows that: 

|E(rx^)|n < E(P„(|X|))|/^U, 

for all /3 G N^. 

The remaining of the present section is concerned with the Cauchy prob- 
lem for the heat equation, 

uo = fe'HiM''). 
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Definition 4.1 We say that u G 'H|^(]R'^) is a generalized solution of the 
Cauchy problem ^ if Ut = |Au in Hj^iW^) and uq = f in 'H{W^). 

Proposition 4.1 For every f G 'H(R'^) there exist a unique solution to the 
Cauchy problem ^ in 'Hy(M'^). 

Proof: Step 1 ( Existence) By Ito's formula (Q we have 

TbJ = f- [ ^rsj ■dB,+ I \/\rBjds. (10) 

Jo Jo ^ 



We observe that: E(Jg Ar^^/rfs) = J^'E{ATB^f)ds] in fact, this is a 
consequence of inequality ([5]), that E(|i?j|") < oo and that E(Jq \Bs\'"'ds) < oo 
for all n G No- 

Taking expectation in (ITOl) we obtain that 

nrBj) = f + J lAEiTBj)ds. 

Thus K(TBtf) solves the Cauchy problem ([9]). 

Step 2 (Uniqueness) We consider the uniqueness. Suppose that u = [M/3] 
and V = [v(s] are two generalized solutions of (|9]), we denote the difference 
Up — vp by ap . By the definition, a^ satisfies 

j-^ap = lAap + hp 

«/3(0, ■) = fl'/3, 

with hp G T-ixfi,!! and gp G l-id- Applying the FeynmanKac formula (see [5]) 
to ap we get 

ap{t,x) = E{gp{x + Bt)+ hp{s,x + Bs)ds) (12) 

Jo 

where 5 is a d- dimensional Brownian motion with Sq = in an auxiliary 
probability space. 
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It follows that sup( II a/3(t,x) II „ G s^, for each n G Mq. From this fact 
and equation (TTTl) we have that sup^ ll^cf/3(^)3;)||„ G s^. We conclude that 
(a/3) G T-irxd ^^"^ t\ms ([9]) has an unique solution. 



can 



Remark 4.1 The proof of existence and uniqueness of Proposition 4-1 
be extended easily to the following Cauchy problem, 

= feniR'^) 

where g G H?.(M'^). 
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